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1 Introduction
Let Y → X be a real smooth fibre bundle coordinated by (xλ, yi), and Ω∗∞ the alge-
bra of exterior forms on all finite order jet manifolds of Y → X modulo the pull-back
identification. Put dimX = n. We have the variational complex
0→ R→ Ω0∞
dH−→Ω0,1∞
dH−→· · ·
dH−→Ω0,n∞
ε1−→E1
ε2−→E2 −→ · · · , (1)
where Ω0,∗∞ is a subalgebra of horizontal (semibasic) exterior forms, dH is the horizontal
exterior differential, ε1 is the Euler–Lagrange map, ε2 is the Helmholtz–Sonin map, and
so on [3, 4, 6, 7, 8, 14, 15]. This complex provides the algebraic approach to the calculus
of variations in field theory. The well-known theorem states the local exactness of this
complex as follows.
THEOREM 1. If a fibre bundle Y is Rn+m → Rn, the variational complex (1) except the
first term is exact, i.e.
(i) Ker dH = Im dH , (ii) Ker ε1 = Im dH , (iii) Ker εk+1 = Im εk.
REMARK 1. As in the De Rham complex on a connected manifold, one puts H0(dH) = R
because, if dHf = 0, f ∈ Ω
0
∞, then f =const. From now on, by H
∗ we will mean the
cohomology groups of order k > 0.
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Restricted to Ω0,∗∞ , the variational complex (1) yields the so called horizontal complex
0→ R→ Ω0∞
dH−→Ω0,1∞
dH−→· · ·
dH−→Ω0,n∞
dH−→ 0. (2)
Then a corollary of Theorem 1 is the algebraic Poincare´ lemma on the local exactness of
the complex (2).
PROPOSITION 2. If a fibre bundle Y is Rn+m → Rn, the horizontal complex has the
cohomology groups
Hk<n(dH) = 0, H
n(dH) = ε1(Ω
0,n
∞ ). (3)
This work is devoted to the obstruction to the (global) exactness of the complexes (1)
and (2).
It should be emphasized that we consider the variational bicomplex in the class of
smooth exterior forms Ω∗∞ on the infinite-order jet space J
∞Y which are the pull-back of
exterior forms on finite-order jets. This is not the case of [2, 3]. In these works smooth
forms on J∞Y which are locally the pull-back of forms on finite-order jet manifolds are
considered. The key point is that J∞Y admits a partition of unity with respect to this
class of smooth functions. Then, applying the well-known Mayer-Vietoris sequence [5],
one can show that contact dH-closed forms are necessarily dH-exact. This may not be
true for the class of exterior forms Ω∗∞ which usually are utilized in field theory.
We show that, if a fibre bundle Y → X admits a global section (e.g., if it is an affine
bundle), there is a monomorphism of the De Rham homology groups H∗(X) of the base
manifold X to the cohomology groups H∗var of the variational complex (1) and to those
H∗(dH) of the horizontal complex (2). When Y → X is a vector bundle, we find the
obstruction to the exactness of the variational complex (1) at Ek. We show that, in
this case, the cohomology group of the variational complex (1) at Ω0,n∞ is equal to the
cohomology group Hn(X) of the base manifold. It states the following theorem (see also
[10]).
THEOREM 3. If Y → X is an affine bundle, an r-order Lagrangian L ∈ Ω0,nr is varia-
tionally trivial iff it takes the form L = dHσ where σ ∈ Ω
0,n−1
r−1 is a horizontal (n−1)-form
on the jet manifold Jr−1Y .
Recall that the familiar result states that L is locally dH-exact.
2 Preliminaries
Unless otherwise stated, manifolds throughout are assumed to be real, smooth, finite-
dimensional, Hausdorff, paracompact and connected.
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Let JrY be the r-order jet manifold of sections of a fibre bundle Y → X . It is
endowed with the adapted coordinates (xλ, yiΛ), 0 ≤| Λ |≤ r, where Λ = (λk...λ1), |Λ| =
k, is a symmetric multi-index. By Λ + Σ we will denote the symmetric multi-index
(λk · · ·λ1σm · · ·σ1). The transition functions of these coordinates read
y′
i
λ+Λ =
∂xµ
∂x′λ
dµy
′i
Λ, (4)
where by dλ are meant the total derivatives
dλ = ∂λ +
∑
|Λ|=0
yiΛ+λ∂
Λ
i .
We will use the notation
∂Λ = ∂λk ◦ · · · ◦ ∂λ1 , dΛ = dλk ◦ · · · ◦ dλ1 , Λ = (λk...λ1).
There is the inverse system
X
pi
←−Y
pi1
0←−· · · ←− Jr−1Y
pir
r−1
←− JrY ←− · · · (5)
of fibrations (surjective submersions) of finite order jet manifolds. This inverse system
has a projective limit J∞Y . It is a paracompact Fre´chet manifold which admits a smooth
partition of unity [1, 4, 13, 14]. Differential objects on J∞Y are introduced as operations
on the R-ring C∞(J∞Y ) of smooth locally cylindrical functions. A real function f on
J∞Y is said to be a smooth (locally cylindrical) function if it is locally a pull-back of
a smooth function on some finite-order jet manifold JkY with respect to the surjection
π∞k : J
∞Y → JkY . Vector fields on J∞Y are defined as derivations of this ring. They
make up the left locally free C∞(J∞Y )-module Der (C∞(J∞Y )). The C∞(J∞Y )-dual of
Der(C∞(J∞Y )) is the C∞(J∞Y )-module of exterior 1-forms on J∞Y . In field theory, one
usually considers the direct limit Ω∗∞ in the category of R-modules of the direct system
Ω∗(X)
pi∗
−→Ω∗(Y )
pi1
0
∗
−→Ω∗1
pi2
1
∗
−→· · ·
pir
r−1
∗
−→ Ω∗r −→ · · · . (6)
of the R-modules Ω∗k of exterior forms on finite-order jet manifolds J
kY . It consists of
pull-backs of exterior forms on finite-order jet manifolds.
The R-module Ω∗∞ possesses the structure of a filtered module given by the Ω
0
k-
submodules Ω∗k of Ω
∗
∞ [9]. An endomorphism γ of Ω
∗
∞ is called a filtered morphism if
there exists i ∈ N such that the restriction of γ to Ω∗k is the homomorphism of Ω
∗
k into
Ω∗k+i over the injection Ω
0
k →֒ Ω
0
k+i for all k.
THEOREM 4. [12]. Every direct system of endomorphisms {γk} of Ω
∗
k such that
πjk
∗ ◦ γk = γj ◦ π
j
k
∗
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for all j > k has the direct limit γ∞ in filtered endomorphisms of Ω
∗
∞. If all γk are
monomorphisms [epimorphisms], then γ∞ is also a monomorphism [epimorphism].
By virtue of this theorem, the standard algebraic operations on exterior forms on
finite-order jet manifolds have the direct limits on Ω∗∞, and make Ω
∗
∞ an exterior algebra.
Since Ω∗∞ consists of pull-back forms, its elements can be written in the familiar
coordinate form. In particular, the basic 1-forms dxλ and the contact 1-forms θiΛ =
dyiΛ − y
i
λ+Λdx
λ provide the local generators of Ω∗∞, and define the canonical splitting of
the space of m-forms
Ωm∞ = Ω
0,m
∞ ⊕ Ω
1,m−1
∞ ⊕ . . .⊕ Ω
m,0
∞ , (7)
in the spaces Ωk,m−k of k-contact forms. We have the corresponding k-contact projections
hk : Ω
m
∞ → Ω
k,m−k
∞ , 1 ≤ k ≤ m,
and the horizontal projection
h0 : Ω
m
∞ → Ω
0,m
∞ .
Accordingly, the exterior differential on Ω∗∞ is decomposed into the sum d = dH + dV
of horizontal and vertical differentials
dH : Ω
k,s
∞ → Ω
k,s+1
∞ , dH(φ) = dx
λ ∧ dλ(φ), φ ∈ Ω
∗
∞,
dV : Ω
k,s
∞ → Ω
k+1,s
∞ , dV (φ) = θ
i
Λ ∧ ∂
i
Λφ.
They obey the nilpotency rule
dH ◦ dH = 0, dV ◦ dV = 0, dV ◦ dH + dH ◦ dV = 0 (8)
and the relations
h0d = dHh0, (9)
hkdhk = dHhk, (10)
3 Cohomology of the infinite-order De Rham complex
The exterior algebra Ω∗∞ provides the infinite-order De Rham complex
0 −→ R −→ Ω0∞
d
−→Ω1∞
d
−→· · · . (11)
PROPOSITION 5. The cohomology H∗(Ω∗∞) of the infinite-order De Rham complex (11)
coincides with the De Rham cohomology H∗(Y ) of the fibre bundle Y .
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The result is a corollary of the following two assertions.
PROPOSITION 6. [12]. The operation of taking cohomology groups of a cochain complex
commutes with the passage to the direct limit.
It is a corollary of Theorem 4.
PROPOSITION 7. [4]. The De Rham cohomology H∗(JkY ) of any finite-order jet ma-
nifold JkY is equal to that of the fibre bundle Y .
It is based on the fact that jet bundles JkY → Jk−1Y are affine, while the De Rham
cohomology of an affine bundle is equal to that of its base.
Recall that, given a fibre bundle π : Y → X , there is a homomorphism
π∗ : H∗(X)→ H∗(Y ) (12)
of the De Rham cohomology groups of its base X to those of Y .
LEMMA 8. If a fibre bundle Y → X admits a global section s, there is the sequence of
homomorphisms of cohomology groups
H∗(X)
pi∗
−→H∗(Y )
s∗
−→H∗(X), (13)
where s∗ is an epimorphism and, consequently, π∗ (12) is a monomorphism.
If Y → X admits a global section, we have the corresponding monomorphism
π∗ : H∗(X) →֒ H∗(Ω∗∞) (14)
of the De Rham cohomology groups of the base X to the cohomology groups of the
infinite-order De Rham complex (11).
If Y → X is an affine bundle, the monomorphism (14) is an isomorphism
H∗(Ω∗∞) = H
∗(X). (15)
In this case, any closed form φ ∈ Ω∗∞ is decomposed into the sum
φ = ϕ+ dξ (16)
where ϕ ∈ Ω∗(X) is a closed form on X .
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4 Cohomology of the horizontal complex
Due to the nilpotency rule (8), the vertical and horizontal differentials dV and dH define
the bicomplex
✻ ✻
· · ·−→ Ωk+1,m∞
dH−→ Ωk+1,m+1∞ −→· · ·
dV ✻ dV ✻
· · ·−→ Ωk,m∞
dH−→ Ωk,m+1∞ −→· · ·
✻ ✻
(17)
The rows and columns of these bicomplex are horizontal and vertical complexes. Let us
start from the vertical ones.
PROPOSITION 9. If Y → X is a vector bundle, then any dV -closed form φ is the sum
φ = dV σ + ϕ of a dV -exact form and an exterior form on X, i.e., vertical complexes are
exact.
Proof. Local exactness of a vertical complex on a coordinate chart (xλ, yi) follows from a
version of the Poincare´ lemma with parameters. We have the the corresponding homotopy
operator
σ =
∫ 1
0
tk[y⌋φ(xλ, tyiλ)]dt, φ ∈ Ω
k,∗, (18)
where y = yiΛ∂
Λ
i . Since Y → X is a vector bundle, it is readily observed that the homotopy
operator is globally defined, and so is the form σ. ✷
Turn now to the rows of the diagram (17). We will start from the horizontal complex
(2). Due to the relation (9), the horizontal projection h0 defines a homomorphism of the
infinite-order De Rham complex (11) to the horizontal complex (2) which sends closed
and exact forms to dH-closed and dH-exact horizontal forms, respectively. Accordingly, it
yields the homomorphism of the cohomology groups of these complexes
h∗0 : H
∗(Ω∗∞)→ H
∗(dH), (19)
which is neither monomorphism nor epimorphism in general. By virtue of Proposition 5,
the homomorphism (19) is the homomorphism of the cohomology groups
h∗0 : H
∗(Y )→ H∗(dH). (20)
Then we also have the homomorphism
h∗0 ◦ π
∗ : H∗(X)→ H∗(dH). (21)
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PROPOSITION 10. If a fibre bundle Y → X admits a global section s, the homomorphism
(21) is a monomorphism.
Proof. Bearing in mind the monomorphism (14), let φ ∈ Ω∗∞ be a closed form whose
cohomology class belongs to H∗(X) ⊂ H∗(Ω∗∞). We will show that, if h0φ is dH-exact, φ
is exact. The form φ is represented by the sum (16), and we have
h0φ = ϕ+ dH(h0ξ).
Let ϕ = dHσ where σ is an exterior form on some finite-order jet manifold J
kY . Given a
global section s of the fibre bundle Y → X , let Jk+1s be its (k+1)-order jet prolongation
to a section of the jet bundle Jk+1Y → X . Then it is readily observed that
ϕ = (Jk+1s)∗(dHσ) = (J
k+1s)∗(dσ) = d((Jk+1s)∗σ).
✷
Since h0 is a homomorphism of the infinite-order De Rham complex (11) to the hori-
zontal complex (2), we have the simple exact sequence of the cochain complexes
0 0 0
❄ ❄ ❄
· · ·
d
−→ Kerh0
d
−→ Ker h0
d
−→· · ·
d
−→ Ker h0
d
−→Ker h0
in
❄
in
❄
in
❄
||
· · ·
d
−→ Ωk−1∞
d
−→ Ωk∞
d
−→· · ·
d
−→ Ωn∞
d
−→Ωn+1∞ −→· · ·
h0
❄
h0
❄
h0
❄ ❄
· · ·
dH−→ Ω0,k−1∞
dH−→ Ω0,k∞
dH−→· · ·
dH−→ Ω0,n∞ −→ 0
❄ ❄ ❄
0 0 0
(22)
Its first row is a subcomplex of the infinite-order De Rham complex (11). There is the
corresponding exact sequence of cohomology groups
· · ·−→Hk(Ker h0)
in∗
−→Hk(Ω∗∞)
h∗
0−→Hk(dH)
d∗
−→Hk+1(Ker h0)−→· · · . (23)
We can say something more on this exact sequence when Y → X is an affine bundle.
PROPOSITION 11. If Y → X is an affine bundle, the exact sequence of cohomology
groups (23) takes the form
· · ·−→Hk−1(dH)/H
k−1(X)
in∗
−→Hk(X)
h∗
0−→Hk(dH)
d∗
−→Hk(dH)/H
k(X)−→ (24)
· · ·
in∗
−→Hn(X)
h∗
0−→Hn(dH)
d∗
−→Hn(dH)/H
n(X)−→ 0,
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where in∗ is a homomorphism to 0 ∈ H∗(X) and h∗0 is a monomorphism.
Proof. Firstly, let us describe the cohomology group Hk(Ker h0) of the first row in the
diagram (22). In this complex, the cocycles are closed forms φ ∈ Ker h0, while the
coboundaries are exact forms dξ where ξ ∈ Ker h0. Because of the isomorphism (15), such
a k-cocycle is a coboundary in the infinite-order De Rham complex and is decomposed
into the sum
φ = dσ + dξ, (25)
where σ ∈ Ω0,k−1∞ is a horizontal form such that h0dσ = 0. It follows that dHσ = 0, i.e.,
σ is a dH-closed form. At the same time, if σ is a dH-exact form σ = dHψ, then
dσ = ddHψ = −ddV ψ
is a coboundary in Ker h0. Therefore, we have an epimorphism of cohomology groups
d∗ : Hk−1(dH)→ H
k(Ker h0).
Obviously, its kernel Ker d∗ contains the cohomology group Hk−1(X) ⊂ Hk−1(dH). We
show that Ker d∗ = Hk−1(X). Let σ ∈ Ker d∗, i.e.,
dHσ = 0, dσ = ψ, ψ ∈ Kerh0.
Then we have d(σ − ψ) = 0, and
σ = ϕ+ dξ + ψ, ϕ ∈ Ω∗(X),
in accordance with the decomposition (16). Moreover, being horizontal,
σ = ϕ+ h0dξ = ϕ+ dHh0ξ,
i.e., it belongs to the dH-cohomology class of the form ϕ onX . At last, since all cocycles in
Kerh0 are coboundaries in Ω
∗
∞, the morphism in
∗ sends the cohomology group Hk(Ker h0)
to zero. ✷
Turn now to cohomology of the k-contact horizontal complex
· · ·
dH−→Ωk,m−1∞
dH−→Ωk,m∞
dH−→· · · . (26)
It is readily observed that, because of the relation (9), the contact projection hk fails
to be a homomorphism of the infinite-order De Rham complex (11) to the horizontal
complex (26). Accordingly, we have no homomorphism of the corresponding cohomology
groups. At the same time, due to the nilpotency rule (8), the horizontal differential yields
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a homomorphism of the k-contact horizontal complex (26) to the (k + 1)-contact one,
together with the corresponding homomorphism of their cohomology groups
d∗V : H
∗(k, dH)→ H
∗(k + 1, dH).
Moreover, we have the complex of the cohomology groups
0−→H∗(X)
h∗
0−→H∗(dH)
d∗
V−→· · ·
d∗
V−→H∗(k, dH)
d∗
V−→· · · . (27)
Its cohomology is called the second cohomology [11].
Similarly, the horizontal differential dH defines homomorphisms of the vertical com-
plexes.
Let us show that, if the fibre bundle Y → X admits a global section, the complex (27)
is exact at the second term, i.e. the kernel of dV in H
∗(dH) coincides with the De Rham
cohomology H∗(X).
LEMMA 12. If φ ∈ Ker dHdV , then
φ = σ + ξ + ϕ, (28)
where σ is a dH-closed form, ξ is a dV -closed form and ϕ ∈ Ω
∗(X) (see [15] for the local
case).
PROPOSITION 13. If the fibre bundle Y → X admits a global section, the complex (27)
is exact at the second term.
Proof. Let φ ∈ Ω0,∗∞ be a dH-closed form, i.e., dHφ = 0. It belongs to Ker d
∗
V if dV φ =
dHε. In accordance with the relation (28), it follows that φ = dHε + ϕ, i.e. belongs to
H∗(X) ⊂ H∗(dH). ✷
5 Cohomology of the variational complex
Obviously, the cohomology groups H<nvar of the variational complex (1) coincide with those
the horizontal complex (2). To say something on other cohomology groups H≥nvar , let us
9
consider the simple exact sequence of cochain complexes
0 0 0 0
❄ ❄ ❄ ❄
· · ·−→ Kerh0
d
−→ Ker h0
d
−→ Ker e1
d
−→ Ker e2−→· · ·
❄ ❄ ❄ ❄
· · ·−→ Ωn−1∞
d
−→ Ωn∞
d
−→ Ωn+1∞
d
−→ Ωn+2∞ −→· · ·
h0
❄
h0
❄
e1
❄
e2
❄
· · ·−→ Ω0,n−1∞
dH−→ Ω0,n∞
ε1−→ E1
ε2−→ E2 −→· · ·
❄ ❄ ❄ ❄
0 0 0 0
(29)
where ek = τk ◦ hk and τk is the projection map providing the decomposition
Ωk,n∞ = τk(Ω
k,n
∞ ) + dH(Ω
k,n−1
∞ ).
We have the corresponding decomposition
Ωn+k∞ = Ker ek ⊕ Ek, (30)
where
Ker ek = dH(Ω
k,n−1
∞ )⊕ ( ⊕
m>0
Ωk+m,n−m). (31)
It is readily observed that εk = τk ◦ d on Ω
k−1,n
∞ . The diagram (29) is derived from the
variational bicomplex (see, e.g., [8, 15]). Its first row is a subcomplexes of the infinite-order
De Rham complex (11).
Since the diagram (29) coincides with the diagram (22) at exterior forms of degree
≤ n, the corresponding exact sequence of cohomology groups for the diagram (29) differs
from the exact sequence (23) starting from the terms after Hn(Ωn∞). If Y → X is an
affine bundle, then H>n(Ω∗∞) = 0 and the exact sequence at these terms breaks into the
short sequences
0−→Hn(X)
h∗
0−→Hnvar
d∗
−→H(Ker e1)
in∗
−→ 0, (32)
0−→Hn+kvar = H(ek+1)−→ 0, k > 0. (33)
Using these exact sequences and the definition (31) of Ker ek, one can find the cohomology
groups H≥nvar of the variational complex (1). Recall that cocycles in Ker ek are closed forms
φ ∈ Ker ek, while the coboundaries are exact forms dξ where ξ ∈ Ker ek−1.
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LEMMA 14. The cohomology group H(e1) is trivial.
Proof. The obstruction for the cohomology group H(e1) to be trivial are the elements
of the overlap dΩ0,n∞ ∩ dHΩ
k,n−1
∞ , i.e., the forms φ ∈ Ω
0,n
∞ such that dV φ = dHε, i.e.,
φ ∈ Ker dHdV . By virtue of Lemma 12, such a form is given by the sum (28) which reads
φ = dHψ + ϕ.
Then, dφ = −ddV ψ is an exact form. ✷
It follows that the short exact sequence (32) leads to the isomorphism
Hn(X) = Hnvar. (34)
In other words, the cohomology group of variationally trivial Lagrangians on an affine
bundle modulo dH-exact forms coincides with the cohomology group H
n(X) of the base
manifold X . This states Theorem 3. The isomorphism (34) also leads to the isomorphism
Hn(dH)/H
n(X) = ε1(Ω
0,n
∞ ),
where Hn(dH) is the nth-cohomology group of the horizontal complex (2). It generalizes
the local equality (3).
One can extend Lemma 14 to higher cohomology groups H(ek) as follows.
PROPOSITION 15. The obstruction for the cohomology group H(ek+1) and, consequently,
the cohomology group Hn+kvar to be trivial is the second cohomology group of the complex
(27) at the term Hk(dH).
The result follows from the decomposition (30).
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